The movement and behaviour of particles suspended in aqueous solutions subjected to non-uniform ac electric fields is examined. The ac electric fields induce movement of polarizable particles, a phenomenon known as dielectrophoresis. The high strength electric fields that are often used in separation systems can give rise to fluid motion, which in turn results in a viscous drag on the particle. The electric field generates heat, leading to volume forces in the liquid. Gradients in conductivity and permittivity give rise to electrothermal forces and gradients in mass density to buoyancy. In addition, non-uniform ac electric fields produce forces on the induced charges in the diffuse double layer on the electrodes. This causes a steady fluid motion termed ac electro-osmosis. The effects of Brownian motion are also discussed in this context. The orders of magnitude of the various forces experienced by a particle in a model microelectrode system are estimated. The results are discussed in relation to experiments and the relative influence of each type of force is described.
Introduction
The application of ac electrokinetic forces to control and manipulate isolated particles in suspension using microelectrode structures is a well-established technique [1] . In particular, the dielectrophoretic manipulation of sub-micron bioparticles such as viruses, cells and DNA is now possible. As the size of the particle is reduced, so the effects of Brownian motion become greater. Therefore, to enable the dielectrophoretic manipulation of sub-micron particles using realistic voltages the characteristic dimensions of the system must be reduced to increase the electric field. However, a high strength electric field also produces a force on the suspending electrolyte, setting it into motion. Indeed, this motion may be a far greater limiting factor than Brownian motion. 4 Current address: Department of Electronics and Computer Science, The University of Southampton, Highfield, Southampton S017 1BJ.
Owing to the intensity of the electric fields required to move sub-micrometre particles, Joule heating can be a problem, often giving rise to electrical forces induced by the variation in the conductivity and permittivity of the suspending medium (electrothermal forces) [2] [3] [4] . In certain circumstances, Joule heating may be great enough to cause buoyancy forces. In addition to Joule heating, the geometry of the electrodes used to generate dielectrophoretic forces produces a tangential electric field at the electrode-electrolyte double layer. This induces steady motion of the liquid, a flow termed ac electro-osmosis because of its similarity to electroosmosis in a dc field [5] [6] [7] [8] . It should be emphasized that the ac electro-osmotic flow observed over microelectrodes differs from ac electro-osmosis observed in capillaries [9] . In the latter case, the electric field is uniform along the capillary but time-varying. The diffuse double layer charge is fixed and the fluid motion is oscillatory. However, in the former case both the electric field and the double layer charge are time-varying and give rise to a steady fluid motion.
Based on these mechanisms, the magnitude and direction of the surface and volume forces acting on the liquid can be predicted analytically or, alternatively, using numerical simulations. This means that it should be possible to design and develop microelectrode structures that can translate experimental and theoretical understanding into a given specification. However, the precise design of a complicated microelectrode structure would require extensive numerical calculations. The aim of this paper is to develop a general framework that outlines the basic constraints of a system, thus reducing the need for intensive computation. A first step in this process is prior knowledge of how the forces on the particle scale with the size of the system, the shape of the electrodes, the particle diameter, the magnitude and frequency of the applied ac electric field, and the conductivity of the suspending solution.
In this paper, we present an analysis of particle dynamics and a summary of the type of fluid flow observed in a simplified system consisting of two co-planar parallel strip electrodes. Previously published data are reviewed and new analyses performed to determine a general understanding of the scaling laws governing this simple system. Within limits, these results can be generalized to more complicated microelectrode shapes, bearing in mind that different regions of the system may have different characteristic length scales.
Bioparticles have sizes that range from 0.1 µm up to 10 µm, e.g. viruses (0.01-0.1 µm), bacteria (0.5-5 µm), or plant or animal cells (5-15 µm) . They are usually suspended in an aqueous saline solution with a conductivity that ranges between 10 −4 and 1 S m −1 . Typical system lengths of the microelectrodes (interelectrode gaps) used in the dielectrophoretic manipulation of bioparticles vary from 1 to 500 µm. The signals applied to these electrodes can be up to 20 V giving rise to electric fields that can be as high as 5 × 10 6 V m −1 . The applied signals have frequencies in the range 10 2 -10 8 Hz. As stated previously, measurement and analysis of flow has been performed using a simple electrode design consisting of two coplanar rectangular electrodes fabricated on a glass substrate.
The electrodes are 2 mm long and 500 µm wide, with parallel edges separated by a 25 µm gap [8, 10] . A schematic diagram of the system is shown in figure 1 , together with a simplified idealization of the system. Because the gap is small compared to the length and width of the electrodes the system can be considered to be two-dimensional [7, 11] , so that the analysis is restricted to the two-dimensional cross-section shown in figure 1. Such a simplified system can give useful information on the relative magnitudes of the different forces generated, together with the regions where certain approximations are valid. Extending the general results obtained for the two-dimensional planar electrode to other geometries must be done with care. For example, figure 2 shows two different electrode arrays: a hyperbolic polynomial electrode and a castellated electrode. In this case, several different length scales act at the same time.
The first part of the paper is an analysis of the motion of particles caused by gravity, dielectrophoresis (DEP) and Brownian motion. The mechanical, electrical and thermal equations that govern liquid motion in these microelectrode structures are then formulated. The volume and surface forces acting on the system are given, emphasizing how these forces scale with system parameters. Finally, the relative importance of the drag force (which comes from electrohydrodynamic flow) is discussed and compared with Brownian motion, DEP and gravitational forces.
Particle motion

Stokes force
For simplicity, consider the particles to be spherical. Assuming that the Stokes drag is valid, the movement of a particle in a fluid influenced by a force F, is governed by
where m is the particle mass, u the particle velocity and v the fluid velocity, −γ (u − v) is the drag force with γ the friction factor of the particle in the fluid. For a spherical particle γ = 6πηa, where a is the particle radius and η is the viscosity of the medium. Under the action of a constant force F and fluid velocity v, the particle velocity is
where u 0 is the initial velocity of the particle. The characteristic time of acceleration, τ a = m/γ , is usually much smaller than the typical time of observation (∼1 s). For a spherical particle of mass density ρ p , τ a = ( 2 9 )(ρ p a 2 /η), which is smaller than 10 −6 s for cells and sub-micrometre particles. Therefore, the particle can be considered to move at its terminal velocity, given by
This means that any measurement of particle velocity is a direct measure of the fluid velocity, v, plus the velocity induced by the force acting on the particle, F/γ . In general, the acceleration process is much more complicated than described by the simple exponential solution, and the acceleration of the fluid and diffusion of vorticity must also be considered [12] . However, the fact that the particle moves at its terminal velocity for times much greater than ρ p a 2 /η is still valid.
Gravity
The main external influence on a particle suspended in a fluid is gravity. For a particle of mass density ρ p in a fluid of density ρ m the gravitational force is given by
where g is the acceleration due to gravity and υ is the volume of the particle. The magnitude of the velocity of a spherical particle in a gravitational field is
To a first-order approximation, assume |ρ p −ρ m | is of the order of ρ m ; then, the magnitude of the gravitational velocity can be estimated to be
In this expression, the factor 0.2 may be smaller since many particles have densities that are close to that of water.
Dielectrophoresis
Particles in electric fields are subjected to electrophoretic and dielectrophoretic forces. In the thin double layer approximation, the velocity induced by the former force is given by the Smoluchowsky formula, u = εζ E/η, where ε and η are, respectively, the electrical permittivity and dynamic viscosity of water, and ζ is the zeta potential of the particle. In ac electric fields, the particle displacement is oscillatory with a maximum amplitude given by x = u/ω, which for sufficiently high frequencies can be neglected. For example, for a field amplitude of 10 5 V m −1 , a frequency of 1 kHz and a zeta potential of 50 mV, the displacement x ∼ 0.5 µm. In fact this is a gross overestimation because particle inertia would lead to a smaller net displacement that decreases with increasing frequency, proportional to ω −2 . In contrast, the DEP force has a non-zero time average and leads to net particle displacement.
The dielectrophoretic force arises from the interaction of a non-uniform electric field and the dipole induced in the particle. For linear, isotropic dielectrics, the relationship between the dipole moment phasor p of a spherical particle and the electric field phasor E is given by p(ω) = υα(ω)E, where α is the effective polarizability of the particle and ω is the angular frequency of the electric field. The time-averaged force on the particle is given by [13] 
where * indicates complex conjugation, Re[A] and Im[A] the real and imaginary parts of A and |E| 2 = E · E * . For the second equality, E has been considered to be solenoidal, i.e. ∇ · E = 0. The first term on the right-hand side is non-zero if there is a spatially varying field magnitude, giving rise to DEP. The second term is non-zero if there is a spatially varying phase, as in the case of travelling wave dielectrophoresis (twDEP). If the particle polarizes by the Maxwell-Wagner mechanism, and considering only the dipole force, the DEP-induced velocity of a spherical particle is
Hereε indicates a complex permittivity,ε = ε − iσ/ω, where ε is the permittivity and σ is the conductivity. The expression in brackets is referred to as the Clausius-Mossotti factor and describes the frequency variation of the dielectrophoretic mobility and force. This factor varies between +1 and − 1 2
; the particle moves towards (positive DEP) or away from (negative DEP) regions of high field strength, depending on frequency.
For the sake of simplified analysis, the electric field lines between the electrodes can be considered semi-circular as shown in figure 1(b) ; in this case, the electric field is given by E = V /πru θ , where V is the amplitude of the applied voltage and r is the distance to the centre of the gap. This expression is the exact solution for the field when the electrodes are semi-infinite with an infinitely small gap.
Assuming a Clausius-Mossotti factor of 1 and an electric field given by E = V /πr, the magnitude of the dielectrophoretic velocity of a particle in this system, at a distance r from the centre, is
Brownian motion
Thermal effects also influence colloidal particles. The force and velocity associated with Brownian motion have zero average; however, the random displacement of the particle follows a Gaussian profile with a root-mean-square displacement (in one dimension) given by
where k B is Boltzman's constant, T is the absolute temperature and t is the period of observation. To move an isolated particle in a deterministic manner during this period, the displacement due to the deterministic force should be greater than that due to the random (Brownian) motion. This consideration is meaningful only for single isolated particles. For a collection of particles, diffusion of the ensemble must be considered.
Particle displacements
The influence of these three forces, viz Brownian, gravitational and dielectrophoretic forces, on a single particle can be summarized with reference to figure 3. This shows a plot of the displacement of a particle during a time interval of 1 s as a function of particle radius. For the particular parameter set used to calculate this figure, it can be seen that the displacement due to Brownian motion is greater than that due to DEP at 5 V for a particle of less than 0.2 µm radius. Also, for this parameter set, the gravitational motion is less important than DEP for any particle size since both scale as a 2 . Note that the particle should be much smaller than the characteristic length of the system, in this case r = 25 µm. The deterministic manipulation of isolated particles smaller than 0.2 µm can be achieved if the magnitude of the applied voltage is increased, or the characteristic length of the system r is reduced. In this context, the figure shows the effect of increasing the voltage by a factor of three, which increases the displacement due to DEP by one order of magnitude. Although the figure shows that it should be relatively easy to move small particles simply by increasing the electric field, this naïve assumption presumes that no other forces appear in the system. However, in many situations, the electric field can produce a body force on the fluid setting it into motion resulting in the movement of a particle through the Stokes drag.
Electrohydrodynamics
Electrical equations
The electromagnetic field in the bulk is governed by Maxwell's equations. For microelectrode structures magnetic effects can be neglected when compared with the electric field since the energy stored in the magnetic field is much smaller than the electrical energy. The condition for this is
where µ is the magnetic permeability of the medium. The magnetic field is produced by both conduction and displacement currents. If conduction currents dominate, the magnetic field intensity can be estimated from Ampere's law as H ∼ σ El, with l a characteristic length of the system. For saline solutions with σ < 0.1 S m −1 and a typical system length of l < 1 mm,
If displacement currents dominate, an estimate of the magnetic field intensity can be made from H ∼ ωεEl. For frequencies smaller than 10 MHz and system length l < 1 mm,
Under these conditions the electromagnetic equations reduce to those in the quasi-electrostatic limit [14] :
where ρ q is the volume charge density. In the bulk electrolyte, the electric current j is given by Ohm's law, j = σ E. For a binary symmetrical electrolyte the current density is given by
with e the absolute value of electronic charge, µ e , D, n + and n − , the mobility, diffusion coefficient and number densities of positive and negative ions. Gauss' law suggests that saline solutions are electrically neutral on the micrometre length scale [15] . In effect, the relative difference in ion number densities is given by the ratio
with n 0 the unperturbed ion density. For values of E ∼ 10 5 V m −1 , n 0 ∼ 10 23 m −3 and typical system length l ∼ 10 µm then ∼ 4 × 10 −4 and the liquid bulk is quasielectroneutral. Now, comparing the diffusion to the electric drift, we obtain
where λ D = √ εD/2en 0 µ e is the Debye length, which is of the order of several nanometres, much smaller than the typical system length.
Defining σ = 2en 0 µ e , we now compare the conduction current, σ E, to the convection current, ρ q v in saline solutions. Taking typical values σ ∼ 10
The combination of parameters, εv/ lσ , is called the electrical Reynolds number [16] , and since it is very small the electrical equations are decoupled from the mechanical equations. Therefore, neglecting the convective term, and assuming that σ and ε are independent of time, equations (14) and (16) can be combined (for an ac field of frequency ω) as
where E is now a complex vector. In many cases, the gradients in permittivity and conductivity are small [3, 11] , so that the electric field can be expanded to give
, where the electric fields satisfy the equations
The charge density of each order can be approximated to
In our analysis, only the zero-order field E 0 is required, which is obtained from the solution of Laplace's equation
Mechanical equations
Liquid motion is governed by the Navier-Stokes equations for an incompressible fluid
where f E represents the electrical forces, and ρ m g, the action of gravity. For microsystems the Reynolds number is usually very small; typical velocity v < 100 µm s −1 , and dimension l < 100 µm and
Therefore, the convective term in the Navier-Stokes can be neglected.
After application of the electric field, a stationary state is reached in a time of the order of t = ρ m l 2 /η, which is usually smaller than 0.01 s. Since the electrical force is oscillatory with a non-zero time average, the steady-state liquid motion can have both a non-zero time-averaged component and an oscillating one. We are interested in the time-averaged component, the one that is easily seen in the experiments. The equation for the average velocity can then be written as
Here, since the mass density of the fluid is almost homogeneous, the Boussineq approximation has been applied, i.e. changes in density are neglected except for the buoyancy force [17] . As stated by this equation, the fluid motion is caused by the combined action of gravity and electrical forces. The latter is given by [18] 
For incompressible fluids, the third term in this equation, the electrostriction, can be incorporated into the pressure [18] and omitted from the calculations. The first term, the Coulomb force, and the second term, the dielectric force, depend on the presence of gradients in the conductivity and permittivity. For an applied ac voltage, the electrical force has a non-zero time average given by
where the charge and field on the right-hand side are the complex amplitudes. Substituting for the charge from equations (24) and (25) , and provided the gradients are small, gives [3, 11] 
This expression for the electrical forces is clearly frequency dependent. If ω is much greater than σ/ε, the second term (the dielectric force) dominates. Likewise, if ω σ/ε, the first term, the Coulomb force dominates because relative variations in conductivity ( σ/σ ) are usually much greater than relative variations in permittivity ( ε/ε). This is the case for variations caused by gradients in temperature, where for electrolytes (1/σ )(∂σ /∂T ) ≈ 0.02 K −1 and (1/ε)(∂ε/∂T ) ≈ −0.004 K −1 . Both electrical and gravitational forces are present when the liquid is inhomogeneous. In the following analysis, gradients in permittivity, conductivity and mass density are assumed to arise from the temperature gradients present in the fluid.
Energy equation
Together with the electrical and mechanical equations, the equation for the internal energy is required, which can be related to the temperature distribution through [3] 
where c p is the specific heat (at constant pressure) and k is the thermal conductivity of the fluid. After the application of the electric field, the temperature field rapidly reaches a stationary state that has both a time-independent component and an oscillating one, in a manner similar to the velocity field. The effect of the oscillating component on the fluid dynamics is negligible for frequencies higher than 1 kHz [3] . The steadystate is reached after a time of the order of t = ρ m c p l 2 /k, which is usually smaller than 0.1 s.
For microsystems, heat convection is small compared to heat diffusion, as demonstrated by the small value of the Peclet number, which, typically (v < 100 µm s −1 and l < 100 µm), is
Therefore, the temperature equation reduces to Poisson's equation, with Joule heating as the energy source
Boundary conditions
A summary of the electrohydrodynamic equations are given in table 1. In order to solve the equations, appropriate boundary conditions have to be defined. The domain boundary is composed of several parts. The boundary conditions for the electrodes (which are fabricated on glass) are summarized in figure 4 , where the lateral and upper boundaries can be considered rigid and assumed to be far from the region of interest.
Electric potential
The electric field is produced by electrodes connected to ac voltage sources. The electric potential at the surface of the electrodes, V is fixed by the source. However, this is not necessarily the most suitable boundary condition to describe the behaviour of the potential in the bulk electrolyte φ, since a double layer lies between the metallic surface and the bulk electrolyte [19] . The appropriate boundary condition is the charge conservation equation for the double layer: the current into an element of the double layer is equal to the increase in the stored charge. Since the typical system length is much greater than the double layer thickness, the thin double-layer approximation can be used. Under this approximation, the Electrical equations Gauss' law
lateral currents along the double layer (either convection or conduction) are negligible by comparison with the normal current. The ratio between tangential and normal conduction currents is of the order of λ D /l. The ratio between tangential convective and normal conduction currents is of the order of q s v/σ El ∼ v ε/σ λ D , where q s is the surface charge density in the double layer. If the slip velocity is much smaller than, typically, 10 cm s −1 , then this ratio is much smaller than unity. Therefore, the normal current into the double layer is equal to the increase in the stored charge. Essentially, the size of the double layer is so small that it does not enter into the problem space. The electrical behaviour of a perfectly polarizable double layer can be modelled theoretically as a distributed capacitor between the electrode and the bulk. The conservation of charge condition then becomes [7, 8] 
where n represents the outer normal, C the capacitance per unit area and φ the electric potential just outside the double layer. A typical value of the specific double layer capacitance C is given by the ratio of the electrolyte permittivity to the Debye length, C ∼ ε/λ D . Using complex amplitudes, the boundary condition for φ at the electrode is a mixed boundary condition:
More generally, the behaviour of the double layer can be modelled through an empirical impedance. The boundary condition for the potential then becomes
with Y the admittance per unit area of the double layer. For the sake of simplicity we will assume that the electrodes are perfectly polarizable, with Y = iωC. For frequencies
, the boundary condition for the electric potential at the electrodes reduces to a fixed value of potential.
In writing equation (37), it has been assumed that ω σ/ε and the displacement current has not been taken into account. This can be neglected since at a frequency where the displacement current dominates (ω > σ/ε), the potential φ just outside the double layer becomes equal to the applied potential V .
For the gap between the electrodes, i.e. the glass/electrolyte interface, the boundary condition is given by the continuity of the total normal current density:
where the subscript G is used for the electrical properties of the glass. In most situations, the large difference between the conductivities and permittivities of the water and the glass allows this boundary condition to be simplified to
If the upper boundary is far enough from the electrodes, it can be considered to be at infinity and the electric field and potential tend to zero.
Velocity
In any of the rigid boundaries, the normal velocity vanishes. The tangential velocity, however, can be non-zero on the electrodes. This is due to the presence of the double layer at the electrolyte/electrode interface. The effect of the tangential ac field on the oscillating induced charges in the double layer can be modelled as surface stresses that produce a slip velocity given by a generalization of the Smoluchowsky formula. The time-averaged expression for the slip velocity is given by [7, 8] 
where φ DL = φ − V represents the voltage drop across the double layer and E t is the tangential field just outside the double layer. The parameter is an empirical constant that accounts for the ratio of the voltage drop across the diffuse part of the double layer (where the stresse is) to the total voltage drop across the double layer. For an ideal capacitive double layer formed by a Stern or compact layer (including electrode oxide layers) and a diffuse layer, is given by
where C S and C D are the capacitances per unit of area of the Stern and diffuse layers, respectively. For the glass boundary the effect of the double layer is negligible and the tangential velocity vanishes due to viscous friction [8] . The electrical and mechanical boundary conditions pertinent to the plane where the electrodes are located are summarized in figure 4 .
Temperature
From the theoretical point of view, the boundary conditions for the temperature field are the usual ones of continuity of temperature and continuity of normal heat fluxes at boundaries. In devices with microelectrodes, the boundary conditions for the temperature field are given by the ambient surroundings, which can differ significantly from one experiment to another. For example, the electrodes might be thick and conduct heat easily, so that the electrodes can be considered to be at room temperature. Equally, they might be very thin, the heat passing through them as if they were transparent. For the calculations presented in this work, the electrodes are considered to be at room temperature. In addition, the upper and lateral boundaries will also be considered to be at room temperature, and positioned at a distance of the order of the total size of the system. The differences that occur between different extreme boundary conditions have been discussed in a previous paper [11] .
Fluid flow
Joule-heating induced fluid flow
Electrothermal flow.
Joule heating produces a temperature field that depends on the boundary conditions within a system. An order of magnitude estimate of the incremental temperature rise can be made by substituting for the electric field in equation (36) to give
where V is the amplitude of the ac signal applied between electrodes. Since the temperature increment does not depend on the typical size of the system, reducing the system dimensions will lower the voltage required to produce a given electric field and as a result reduce the temperature increment. For the simplified ideal system of figure 1(b) and assuming that the electrodes are at constant temperature, the analytical solution [3] is
where θ is the angle measured from one electrode. This solution gives a maximum temperature increment of T = σ V 2 /8k, which is comparable to the estimate given by equation (44).
The temperature field given by equation (45) generates gradients in σ and ε, giving rise to an electrical body force. Using the analytical expression for the electric field for the two co-planar electrodes, E = (V /π r)u θ , the expression for the volume force is
In this expression M is a dimensionless factor given by
M = (T /σ )(∂σ /∂T ) − (T /ε)(∂ε/∂T )
It predicts the variation of force with frequency (at T = 300 K and for ωε/σ 1, M = +6.6; for ωε/σ 1, M = −0.6). An analytical solution for the velocity in the simplified system shown in figure 1 can be obtained by substituting the force given by equation (46) into the expression for velocity, equation (30). This analytical solution assumes that the frequency is high enough for the electrode polarization to be neglected. With this assumption, the potential at the electrodes is fixed and the velocity is zero at the electrodes. The radial component of the velocity varies from zero at θ = 0, π (the electrodes) to a maximum at θ = π/2 and is given by
The maximum velocity can be estimated for two cases: ωε/σ 1 and ωε/σ 1
Note that because the electric field varies as 1/r, the velocity has a singularity at r = 0. Calculations of the velocity using the finite element method have been made for the two-finger strip electrode shown in figure 1 . Equations (49) agree with the finite element calculations if r is set equal to the value of the typical dimension of the convective roll in the computations. This value lies between the interelectrode gap length (25 µm) and the height of the upper boundary (200 µm).
Buoyancy.
The gravitational body force generated by a temperature field, as given in (41), is
An order of magnitude estimate of the ratio between the electrical and gravitational forces for ωε/σ 1 gives
For a characteristic length r = 25 µm and applied voltage V = 10 V (with other parameters as for water) the ratio of f g /f E ∼ 7 × 10 −4 showing that the gravitational force is negligible compared to the electrical force. As the characteristic length of the system is increased, the magnitude of the gravitational force becomes greater than the electrical force. The transition is at r ≈ 300 µm for this applied voltage of V = 10 V. Finite element calculations confirm that a transition between buoyancy and electrical convection is obtained for a characteristic length r = 300 µm. The numerical calculations indicate that a typical velocity magnitude for a buoyancy flow is
External sources of heat
Electrothermal flow.
In addition to Joule heating, a temperature gradient can be generated by an external source, giving rise to electrothermal fluid flow. The heat source generates a temperature gradient in the system, which in turn produces electrical body forces, as given by equation (33), and fluid flow occurs.
Considering an imposed vertical gradient of temperature ∇T = −|∂T /∂y|u y and an electric field given by E = V /πru θ , the electrical body force is
and
for ω σ ε (53b)
For saline solutions, the frequency at which the behaviour changes is given by
The ratio between the amplitudes of the velocity at the high and low frequency limits is
According to the Stokes equation, the fluid velocity should scale as v ∝ f E r 2 /η. Numerical calculations using finite element methods [11] indicate that the maximum value for the velocity generated in the fluid (when ω σ/ε) is
A possible external heat source is the incident light that is used for the observation of the micro-devices under strong illumination [10] . Both experiment and calculations [10, 11] suggest that there is a vertical gradient in temperature, with the electrodes at a temperature above room temperature. Expressions (54) and (55) have been confirmed by experiment [10] . The calculations [11] agree with observations [10] if an imposed vertical temperature gradient of 0.021 K µm
is assumed. According to equation (56), the fluid velocity is independent of the size of the system for any externally imposed vertical temperature gradient. In the experimental work on light-induced flow [10] , it was assumed that a given fraction of the light power is transformed to heat at the electrodes. If the light power per unit area is kept constant, but the size of the system is changed, the heat flux will remain constant, as will the vertical gradient of temperature, since Q = −k∂T /∂y.
Buoyancy.
The gravitational body force generated by a vertical gradient in temperature can be compensated by a pure pressure gradient, so that there is no fluid motion. The Rayleigh-Benard instability breaks this equilibrium at sufficiently high temperature gradients. If Rayleigh's number is of the order of 1500, natural convection can take place, i.e.
where χ is the thermal diffusivity coefficient and h a system height. For an increment of temperature T ∼ 10 K, a typical system height of 2 mm would be required to demonstrate the instability.
AC electro-osmosis
Recent work has shown that the application of an ac voltage to a pair of co-planar microelectrodes generates a steady (nonzero time-averaged) fluid flow with a velocity that depends both on the applied potential and frequency [5, 6] . A simple circuit model based on an array of resistors and capacitors gives reasonable correlation with experimentally observed values of velocity. This model consists of semicircular resistors connecting one electrode to the other, terminated at either end on the electrodes by a capacitor representing the electrical double layer [5] . This model can be refined by taking into account the full linear electrokinetic equations for the double layer and the electrolyte [7] . Significantly, the results of such an analysis are in good agreement with the simpler resistorcapacitor model. According to equation (42), the potential drop across the double layer φ DL must be estimated. Using simple circuit theory, φ DL is
(58) and the slip velocity is
with a non-dimensional frequency given by
The capacitance C is given by C D , with C D = ε/λ D , the surface capacitance of the diffuse double layer in the DebyeHuckel model. The electrodes used to characterize fluid flow were made of titanium and have a thin surface oxide. For a suspending medium conductivity of 2.1 × 10 −3 S m −1 , and using titanium electrodes, was found by experiment to be ≈0. 25 . This indicates that the potential drop across the diffuse part of the double layer is only a quarter of the potential drop across the entire double layer. For an ideal double layer consisting of a Stern layer and a diffuse layer, the parameter decreases with conductivity, since = C S /(C S + C D ) where C D , the capacitance of the diffuse layer, increases with conductivity. Experimentally, the value of the Stern layer capacitance must be set equal to C S ∼ 0.007 F m for agreement with the experimentally determined value of [6, 8] . Expression (56) for the velocity comes from the application of linear theory (small voltages) and the assumption of perfectly polarizable electrodes. Experiments show that this expression is a fair representation of the velocity, even for the non-linear case and for non-ideal double layers.
The frequency dependence of the fluid velocity shows a broad maximum, tending to zero as the frequency goes to zero or infinity. The maximum velocity is obtained at = 1, i.e. for an angular frequency ω 0 = 2σ /(Cπ r). Taking C D = ε/λ D , the angular frequency where maximum fluid velocity occurs is ω 0 = 2σ λ D /επ r . This is several orders of magnitude smaller than the charge relaxation frequency of the liquid ω = σ/ε. For frequencies much smaller than ω 0 the applied voltage is dropped mainly across the double layer; the electric field outside the double layer becomes very small. For frequencies much greater than ω 0 , the applied voltage is dropped mainly across the electrolyte and the surface charge accumulated in the double layer is very small. In both cases, the electro-osmotic slip velocity is very small, cf equation (59).
Results and discussion: scaling laws
In section 2 it was shown that a particle has a terminal velocity given by u = v + F/γ , where v is the fluid velocity (which may be the sum of different flows because the equations are linear) and F/γ the velocity induced on the particle by the different forces acting upon it. The random displacement of Brownian motion must be added to the displacement of the particle. Table 2 summarises the equations, giving order of magnitude estimates of displacements in a given time t for a particle moving above a micro-electrode, such as that shown in figure 1 .
At low frequencies ( of order one or smaller), polarization of the double layer can significantly reduce the voltage present in the electrolyte. From simple circuit analysis, the voltage across the electrolyte is V − 2 φ DL , where φ DL is given by equation (58), so that the voltage amplitude in Table 2 . Estimated displacements for a particle (latex sphere) in the simplified microelectrode structure shown in figure 1 . From experiments (in [6, 8] ) a value of C S ∼ 0.007 F m −2 has been used. The factor c takes into account the reduction of the voltage in the medium due to electrode polarization and is given by / √ 1+ 2 .
AC electro-osmosis 0.1 εV
the electrolyte is V / √ 1 + 2 . In other words, at low frequencies, the voltage in the electrolyte is reduced by a factor of the order of c = √ 1 + 2 , where the parameter c is used to scale the applied potential V when calculating bulk fluid flow (sections 5.1 and 5.2) and dielectrophoretic displacement at low frequencies.
Fluid flow
In this section, comparisons of the relative magnitudes of the different flow velocities are made. Except where otherwise indicated, external sources of heat are assumed to be absent. Figures 5 and 6 show iso-lines of fluid velocity plotted for different applied voltages V and characteristic system lengths r. The iso-lines are calculated fluid velocities generated by the dominant mechanism, either Joule-heating • 5 • 4.
• 4 • 3.
• 3 • 2.
• 2
• 0. (electrothermal and buoyancy) or ac electro-osmosis. Velocity contours below 10 −8 m s −1 are considered insignificant for characteristic system lengths greater than 10 −6 m and are ignored (white region in the diagrams). A typical case for a low conducting electrolyte (σ = 10 −3 S m −1 ) is shown in figure 5 ; comparison with a high conducting electrolyte (σ = 10 −1 S m −1 ) is made in figure 6 . Low frequency behaviour is plotted in figure 5 (a) (f = 0.1 kHz) and figure 6(a) (f = 10 kHz); high frequencies in figure 5(b) (f = 0.1 MHz) and figure 6(b) (f = 10 MHz). Low frequencies are defined as frequencies much lower than the charge relaxation frequency (ωε/σ = 4.4 × 10 −4 ); high frequencies correspond to a frequency of the order of the charge relaxation frequency (ωε/σ = 0.44) and above.
Before interpreting the maps, it should be noted that certain regions are inaccessible; electrolysis at the electrode surface occurs at low frequencies and high voltages, and • 5 • 4.
• 0. boiling due to Joule heating occurs at high voltages and conductivities. Under dc conditions, a few volts are enough to produce electrolysis [20] ; assuming that 2 V across the double layer is needed to produce electrolysis (| φ DL | = 2 V), the maximum permissible applied voltage is given by V = 4 √ 1 + 2 V. According to equation (45), the maximum applied voltage before boiling takes place is given by V = √ 8k T /σ , where T ∼ 75 K (for a room temperature of 25˚C). These boundaries are also depicted in the maps.
As is apparent from the figures, ac electro-osmosis progressively disappears when the frequency is increased. It dominates at low frequencies, and small characteristic lengths, and can reach velocities of several mm s −1 . As the electrolyte conductivity is increased, the effect of electrothermal flow becomes more important. At a characteristic system length of the order of 1 mm, buoyancy due to Joule heating always dominates the fluid flow.
The experimental observations of ac electro-osmosis [6, 8, 21] confirm that it can dominate the behaviour of particles at low frequencies, as suggested by figures 5(a) and 6(a). Note that the effect decreases with increasing conductivity. Electrothermal travelling wave pumping experiments [4, 22] show that voltages greater than 10 V are required to achieve noticeable fluid velocities, in agreement with the calculated voltages shown in the figures. The velocity measurements given in [22] show that strong thermal convection is obtained for conductivities greater than 1.6 × 10 −2 S m −1 . In the same work, it was shown that the velocity increases with conductivity (in the measured range of 4 × 10 −3 to 1.6 × 10 −2 S m −1 ), which is a clear indication of Joule heating.
However, in this same set of experiments, no noticeable dependence of flow velocity on conductivity was observed for conductivities lower than 4 × 10 −3 S m −1 ; the reason for this is not clear. In another set of experiments [23, 24] , it has been reported that the time-dependent collection of particles in a millimetre-scale system can be driven by Joule heating-induced buoyancy forces. Large convective rolls were observed, with typical dimensions and velocities in agreement with the characteristic system length and expected flow velocity shown in the maps. figure 7 (b). The former temperature gradient corresponds to that which was required to numerically model experimentally observed fluid velocities under strong illumination [11] (at a conductivity of 2.1 × 10 −3 S m −1 ). The variation in flow with conductivity is very small since (1/σ )(dσ/dT ) is almost independent of conductivity. Figure 7 (a) shows that only for very high applied voltages and conductivities is Joule heating more important than the externally imposed temperature gradient of 0.02 K µm −1 . If the temperature gradient is reduced by a factor of 10 ( figure 7(b) ), light-induced fluid flow still occurs for conductivities smaller than 10 −2 S m −1 and applied voltages below 10 V, but the expected velocities are ten times smaller. Figure 8 shows the displacement of a particle for a time window of 1 s in an electrolyte with conductivity 10 −2 S m −1 , plotted as a function of particle radius (with the same parameters as used to plot figure 3). The first point to note is that ac electro-osmosis dominates particle motion at a frequency of 1 kHz. Only for large particles (greater than 5 µm in diameter) is the ac electro-osmotic-induced displacement less than that caused by DEP. This concurs with experimental observations, particularly of cells, where the subtle effects of ac electro-osmosis on particle dynamics at low frequencies are often unnoticed. The electro-osmotic displacement becomes negligible at high frequencies, as shown by the line calculated at f = 1 MHz. This diagram shows that movement of submicron sized particles by DEP at low frequencies (∼1 kHz) is almost impossible owing to ac electro-osmosis. At frequencies around 1 MHz, ac electro-osmosis is irrelevant and DEP dominates. However, as the particle size is decreased, the voltage required to induce particle movement becomes appreciably greater. This means that electrothermal flow due to Joule heating can become important.
Particle displacement
The data can be plotted in a different way; figure 9 shows the displacement of a small particle (0.5 µm diameter) as a function of voltage for a small electrode structure (characteristic length r = 25 µm). Again, displacement due to electro-osmosis dominates at low frequencies (∼1 kHz) but is negligible at high frequencies (1 MHz) compared to DEP. In order to overcome Brownian random displacement and produce deterministic motion of small particles, the voltage must be increased. However, the electrothermal effect due to Joule heating becomes clearly dominant over DEP for voltages greater than 10 V. In figure 9 , the electrothermal displacement is plotted for frequencies corresponding to ω σ/ε. If the frequency is increased so that ω σ/ε, the electrothermal effect is reduced by up to a factor of 10. In an experiment, the characteristic length of a fluid roll could be greater than the characteristic length for DEP (here chosen to be 25 µm) so that the expected electrothermal displacement would in fact be smaller than that shown on the graph.
The effect of changing the characteristic length of the system can be seen in figure 10 . As this increases, the electrothermal, electro-osmotic and DEP effects all decrease. At a characteristic length close to 1 mm, buoyancy due to Joule heating becomes important. This produces large fluid rolls and slow particle motion, as observed experimentally [23, 24] . The DEP motion is clearly dominant at small scales. In this case, the characteristic length r can be thought of as the distance to the electrode edge, showing that particles are easily trapped at those points by positive DEP, i.e. positive DEP can trap particles at electrode edges while they are moved by fluid motion in the bulk [2, 25] . To illustrate the domains of influence of the different forces (Brownian, DEP, ac electro-osmosis, electrothermal and buoyancy) acting on a sub-micron particle, the iso-lines of displacement per second due to the dominant mechanism in the plane V versus r are shown in figure 11, for a particle of radius 0.25 µm. The Brownian (random) displacement for this particle in 1 s is around 1 µm. Deterministic displacements smaller than 1 µm are very difficult to determine for an isolated particle and are plotted as the Brownian region in the maps. Notice that increasing the time of observation or the number of observed particles would allow us to measure velocities smaller than 1 µm s −1 . Figure 11 shows these maps for a particle in a low conducting electrolyte, σ = 10 −3 S m −1 ; figure 11 (a) for low frequencies (0.1 kHz), and figure 11(b) for high frequencies (0.1 MHz). It is evident from the figure that DEP is overriden by ac electro-osmosis at low frequencies for small system sizes (small r). Figure 12 shows the corresponding domains of influence for the same particle in a high conducting electrolyte, σ = 0.1 S m −1 , for low (10 kHz) and high frequencies (10 MHz). At low frequencies and for small system sizes (<1 mm) either ac electro-osmosis dominates (although with smaller velocity amplitude than in figure 11(a) ) or the voltage is high enough to produce electrolysis. For small systems and high frequencies, DEP is again the dominant effect. For high frequencies, electrothermal dominates at high voltages and moderate systems and buoyancy dominates for moderate voltages and large systems. For both electrothermal and buoyancy effects, the domains of influence increase with conductivity (compare figures 11(b) and 12(b)). Care should be taken to avoid boiling at high voltages (∼75 V).
Conclusions and summary
The movement of liquid and the behaviour of particles in aqueous solutions subjected to ac electric fields has been examined. The high strength electric fields used in DEP separation systems often give rise to fluid motion, which in turn results in a viscous drag on the particle. This fluid flow occurs because electric fields generate heat, leading to volume forces in the liquid. Gradients in conductivity and permittivity give rise to electrothermal forces and gradients in • 5.
• 5 • 4.
• 3 • 2. mass density to buoyancy. In addition, non-uniform ac electric fields produce forces on the induced charges in the diffuse double layer on the electrodes. This effect gives oscillating and steady fluid motions termed ac electro-osmosis. We have focused on steady fluid flow. The effects of Brownian motion have also been discussed in this context. The orders of magnitude of the various forces experienced by a particle in a model microelectrode system have been estimated. The results indicate that ac electro-osmosis dominates fluid motion at low frequencies and small system sizes, electrothermal flow dominates at high frequencies and voltages, and buoyancy at typical system sizes of the order of or greater than 1 mm. DEP governs the motion of sub-micrometre particles for small systems and at high frequencies; otherwise, the particle motion is due to fluid drag as shown in figures 11 and 12.
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